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ntroduction

In this report we shall outline the main notions of the
vy of distributions. A distribution 1s defined as a
;inuous linear functional on a sequentially normed space
\ union of such spaces, The elements of the fundamental
e ¢ are real or complex functions of n real or complex
.ables in a subset of a real or complex Rn. These functions
called testing functions, As a rule we consider only real
:ing functions y(x) of a single unrestricted real variable
lowever, generalizations will be briefly indicated.

In this repbrt free use will be made of the material of
two preceding reports TW 80 and TW 871 (Topological
1dations of the theory of distributions) which will be
sed as FT followed by the number of the section or of the
rem,

The material is mainly derived from Gelfand and Shilov:
sralized functions Vol.,II (Moscow 1958). The many
sussions with the members of the applied mathematics
irtment and the pure mathematics department have led to
imber of improvements and simplifications of the original
>, In this report an advanced theory of the distributions
ziven, Many more elementary properties are left out of
sideration or are mentioned briefly as examples. However,
supplementary material the reader is referred to the first
ane of Gelfand and Shilov in which the elementary theory

jistributions is treated in considerable detail,

Distributions on K(a)

The space K(a) consists of all infinitely differentiable
~tions ¢(x) of the real variable x (-o,®) which vanish
side the interval (-a,a). In TF 6 it has been proved that
) is a complete sequentially normed space with the following

aence of norms

I

AN
~

I #l, = sup gO(Q)(X) , q
: X,Q




>rding to TF 9 this space 1s also perfect which means that
bounded sequence yn (n=1,2,...) contains a subsequence
>h converges in K(a).

The continuous linear functionals (f,¢) on K(a) are
led distributions or generalized functions., The elements
{(a) are also called testing functions.
_£°
E2 2

nple exp — for -&€<x<& ,

2) SV(XJE) =

0 elsewhere,

resents a testing function for €% a,

If £(x) 1s a locally integrable function a distribution

jefined by means of
3) (f,) = /‘f(x)y(x)dx.

istribution of this type is said to be regular, A distributil
ch is not regular is said to be singular,
Dirac's delta-function d(x) is defined by

4) (d(x),9(x)) = ¢(0).

iously this is a continuous linear functional. It can be
ily shown that JKX) is a singular distribution,
More generally a distribution is defined by means of

Ul
~

(£.9) = [ £(x) ¢1P) (x)ax,

re fo(x) is a locally integrable function., According to TF 7
distributions on K(a) are necessarily of this form. The
est integer p for which (1.5) holds is called the order of

distribution f.

mple '
(3.9) = - 6(x) ¢ (x)ax,




‘e O(x) denotes the unit-step function

@(x)=1 for x 2 O, 8(x)=0 for x<O0.

It is obvious that aequivalent locally integrable
»tions, i.e. functions differing only on a null-set,
srmine the same regular distribution. But also the

2rse 1is true,

rem 1,1
values of a regular distribution determine uniquely

lass of aequivalent functions f(x).

>f
ls sufficient to consider the null-distribution

(f,9) =jf f(x)p(x)dx = O.

~oducing the integral of f(x)
X

F(x) = [ f(?)d%

-a

h is a continuous function we obtain by partial

sgration

a
_éf F(x) 7'(X)dx =0,

lying the well-known lemma of Dubois-Reymond from the
-ulus of variations it follows that F(x) is a constant

that £f(x) = 0 a.e.

The support of a testing function ¢(x) is defined as
closure of the set of those x for which ¢(x)#0.

The distribution f(x) is said to be (locally) zero in
open set L irf (f,y)=0 for all ¢ whose support 1s
tained in {2

The distributions f(x) and g(x) are sald to be (local
al in the open set 2 ir f-g=0 in Q




The support of a distribution f(x)1is defined as the
sed set of those x for which no open neighbourhood exists

e =0, i.e., the complement of the open set where =0,
ples

fhe testing function (1.2) has the support -& £x £¢
F(x)=0 for x>0 and x <O,

lhe support of d(x) is the single point x=0.

Next we consider the convergence in the conjugate space
1). Since K(a) is a perfect space weak convergence and
ong convergence are identical (cf. TF theorem 9.2).
>rding to TF 7 a sequence of distributions fn converges

the distribution f if

(fn,y)——a(f,?) for all € K(a).

(WA
~~

>rding to TF theorem 7.5 K'(a) is complete. Hence if for
1 @eK(a) the sequence (fn,y) converges to some limit
) then also f(¢) is a distribution of K'(a).

If fn is a sequence of regular distributions 1t may
pen that fn converges in distributional sense to a
tribution f and in ordinary sense to a locally integrable
ction g(x). It is not generally true that f equals the
ular distribution g. We have, however, the following

terion which may be derived from a well-known theorem of

esque,

orem 1.2

fn(x) is a sequence of locally integrable functions which

verges a.e., to a limit f(x) and if

‘fn(x)l Z g(x), for all n,

re g(x) is a locally integrable function, then also

fn(x)——+ f(x)




jistributional sense.

In many important cases a sequence of ordinary functions

s not converge in the classical sense but still has a

tributional 1imit,

nples
_§§_§ — 7 3(x) for € —3+0,
X t+E&
31nxn X 5 xd(x) for n—300 .

If c(x) is an infinitely differentlable function then
)e K(a) implies c(x)@(x) € K(a). Accordingly the product
a distribution f(x) with an infinitely differentiable

ction c(x) 1s defined as

7) (C f,‘f) = (fJC (70)-

s definition is clearly consistent with that of the product
two functions. The simple proof that the operator c(x) is
tinuous 1s left to the reader.

The product of two arbitrary distributions is not defined.
ressions like Jg(x) are therefore meaningless.

The derivative of a distribution f is defined by

8) (£',¢) = (£,-¢' ).

consistence of this definition is obvious. The continuity
the differential operator d/dx follows at once from (1.8).
1icitly this means that

afy ar
9) f,—f dimplies -—33~ — 55 -

can easily be shown that the usual rules of the differential

culus also hold for distributions. We have e.g. for the
ivative of the product of an infinitely differentilable function

:) and a distribution f(x)




10) é% (¢ £f) =c'f +c ',

1any cases by differentiation of regular distributions

rular distributions are obtalned.

nples
o'(x) =d(x)
é% 1n |x[ = 1/x
é% |x | . -3 |X|- sgn x.
é% In |tg 3x= 1/sin x.

From (1.5) it follows that any distribution is the
ivative of some order p of a regular distribution,
least number p for which this is true 1s the order
the distribution. Clearly differentiation raises the
sy of a distribution., The infinitely differentiable
~tions may be considered as regular distributions of

er minus infinity.

orem 1,73
ingular distribution the suppost of which 1s the single
nt x=0 is of the form

— L <Q)
x) = & X
f(x) JLO aq (x)

of

f(x) be the (p+1)th derivative of the ordinary function
). Then for x »0 and for x <0 F(x) equals polynomials
degree p. The required results follows by differentiating

times.

The testing space K(a) can be extended to the wider
ce K which is the union of all K(a). According to TF 10
vergence in K means convergence in some subspace K(a).
licitly yrf—ao for n—o means




all ¢ _ are contained in the same interval (-a,a),
i.e. the ¢4 have uniformly bounded supports.

sup lgpéQ)(x)lweo for q=0,1,2,...
X

The continuity of a linear functional on K means
tinuity with respect to each subspace K(a).

intersection of all K'(a) gives the space of distributions
According to TF theorem 10,71 the space K' 1s complete

h respect to (weak) convergence,

The testing space K§'Mpi

In this section we consider testing spaces of a very
eral type which contain K(a) and K as special cases or as
spaces,

We consider a linear topological space @ consisting of
initely differentiable functions p(x) which are defined
- all (real) x. It is assumed that ¢ 1s a sequentially
med space or a union of such spaces, Further the following
ural assumption is made: ¢ -—¢  1in the topology of {
lies lim yn(x)= ¢O(x) at each individual x.

The continuous linear functionals on $ are called
tributions and can be treated in much the same way as in
. previous section. If ¢ is also a perfect space a number
simplifications can be obtained as has been shown in the

wious section,

:orem 2,
the s.n.s. () contains K(a) as a subspace then ¢, 0 in
. topology of K(a) implies # .0 in the topology of { .

of

will be shown first that the topologies in K(a) and ¢

: concordant in the sense of TF 8. In fact, if ¢ —0
K(a) then 1lim yn(x)=0 at each x. If ¢ —gp  in ¢ then




~ ¢, bointwise, so «go(x) must be the zero function,
same argument applles in case gnfméo in @ and
g N K(a). Now TF theorem 8.3 can be applied.

As in the previous section a regular distribution 1s

the type
/I) (fa"?ﬂ) =,~’f f(X);‘;‘(X)dX’

re f(x) is a locally integrable function., However, this
regsentation imposes some condition on the behaviour of
) at infinity which depends on the corresponding behaviour
the testing functions,

It is clear that theorem 1,71 also holds for any testing
ce containing a K(a) or K.

By the following construction a complete s.n.s. of a
v general kind is obtained. This space, called K {M }
ends on a sequence of positive functions Mo(x),Mq(X',...

isfying the inequalities

2) 12 M (x) 2 Mq(x) S ... 2 M (x) 2 ...

se functions take on a finite or infinite value and 1t
1l be assumed that for any fixed x either all Mp(x) are
ite or all are infinite, Further we assume that the
x) are continuous where they are finite; thus the set
points where the Mp(x) are finite is open,

The space K~§Mpg is formed by all infinitely
ferentiable functions such that for each p and q

mo(x) #(2) (x)

continuous and bounded on -0« x<¢ ©, This means that
) and all its derivatives vanish where ever Mp(x) is
'inite.

In K{ Mpg the following sequence of norms 1s introduced

I

3) I#i, = supo M (x) :‘f'/(Q) (X)g , a4 =D,

x,q P




#ill be shown below that these norms are concordant
that Ki M g is a complete sequentially normed space.
ther 1t w111 be proved that with some fairly general
triction K)Mp} is also a perfect space.

A

{ 1 for |xi< a,
‘e

I

+00 for I|x|= a,

es the particular case K(a). Another important case
Mp( X) —(1+x2)p which gives the space S.
We shall now prove that K §M } ig a complete s.n.s.
general idea of the proof is as follows, First we
sider the set ¢}p of all ¢(x) which have continuous
ivatives up to the p-th order and for which the
ressions Mp(x) & (%), (q=0,1,...,p) are continuous
bounded on the x-line. Using two lemmas relating
ntwise convergence to convergence in norm for sequences
x) i1t is shown that @F)is complete, If further @E)is
completion of KZ{MP} with respect to the p-th norm it
ns out that O, c @, Since m [ 3! M} it follows

t also /\ @ —KéMp} . Together w1th the concordance of the

ms Whlch eas11y follows from the second lemma this shows
t %j.Mp} is a complete s.n.s.

Q)p is a normed space with the norm (2.3). Let 4fn(x)
a f.s. in this space; then the sequence @n(x) converges
formly in each bounded interval to a limit function
x). Similarly ¢(q)(x)~—% yg )(x)__for q=1,2,...,p. The
lowing lemma states that y @

ma 1

the sequence yn(x) €-¢; together with its derivatives up
the p-th order converges uniformly in each bounded interval
AT vl £ C for all n then the limit function v o(%)
o belongs to and : C,

g ¢ and Jo




-0

f

s obvious that «?O(x) has continuous derivatives up to
p-th order, Let x be a point where Mp(x) <,

e for each g
PQECREERVIRES
same holds for %éq) (x) and hence
Mp(x) l yéq>(x)£ e for g=0,1,...,D.

M(Q)(

hose x where Mp(x)=oo all ¢ x) are zero for g = p

‘ n
h implies the same for yéQ)(x)g
» £
e ” (:f o) U S C °
-—————a P )
Vn(x) is a f.s, in gf with 1im gn(x)zo for each x
P _nN-—s00
@ ~3>0 in the norm of ()
'n o)
£
n lemma 1 we have ¢QQ)(X)Mw§¢£q)(x) uniformly in each
p.

ded interval for q =
any given £ > O there 1s an index ng such that for m,n »n.

"'?mw £¢ , Applying lemma 1 on the sequence yn- ym with

\

n_.

xed and m—00 it follows that (¢ I o Z£, n o

11y &-——0.

rem 2,2
normed space a?; is complete,

by

ows easily from lemma 1 and lemma 2,

llary
completion ﬁﬁp of q>=K %Mp} with respect to the norm

{s a subspace of .
o, 1s a subspace o @ET

It is obvious that the intersection of all Q}p coincides

L K(Mp). However, in view of the corollary above also
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(o8]
M1 = A
) K{m ] (3 ¢p,
1a§

following two norms

| = sup M _ (x) !?(Q)(X)é , g %vp., j=1and j=2,
'?upj x,q Py ! |

concordant.

£
@n(x) be a f.s. with respect to both norms which converges

;ero in the first norm, Then 1lim é?n(x)=0 for each x.
1) —=300
apply lemma 2 on the second norm,

The relation (2.4) and the concordance of the norms

, prove that K{ Mp} is a complete s.n.s.

rem 2.3

space K {Mp} is a complete s.n.s.
We shall now show that K éMp} is a perfect space if the

_owing condition, called the P-condition, 1s satisfied.

iition P
each index p there exists an index p'> p with the following
erty.

For any given €& >0 we may find an N(&) such that

AR
~—"

Mp(x)<£ Mp(x)

| x> N or Mp(x) > N,
From this condition it follows that the expressions
<) ¢(Q)(x) are not only bounded on the x-line but that they
1 to zero for |x|—o or Mp(x)-—eoo . In fact, if this were
true for some combination p,q there would be a positive

stant C and a sequence x_ with either {xn{—ﬁoo or Mp(X)~ﬁOO
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1 that
i (x) | #130)] oo

then according to the condition P an index p' and a

lence z?n~meo exists with

sh 1s in contradiction to the fact that P& KiM |
In the proof of the perfectness of K{Mpg we‘require

following lemma

na 4
ry sequence ?n(x) which is bounded with respect to each

n l’y”p and which converges to zero for each X converges

the zero-function with respect to each norm,

of

rting with a fixed index p we determine an index p' accordin
the condition P. Suppose that ]Jynﬁ bl = C for all n. For
given € >0 we may find a constant N such that for [x]|= N

for M_(x) » N
P

M (x) &EM (x).
P C py
s implies for q = p
o) | ) [ £ 5 o | {1 V| 2 EipI 25

p
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the remaining x, which form a compact set, an index ng

be found such that for nsn_ and all q £p

i

m(x) | el )| £ e

latter inequality now holds for all x., Thus for n>ng

i

#4115 = o0 w0 |19 00

x P

e

€.

e £ is arbitrary this means that Ir?n Hp—~40 for all p.

llary
pn(x) is bounded in each norm and if ﬁn(x)““%%b(x)

twise then ¢%(X)€ Ksz} and <pn(x)-ago(x) in the topology

Mo

f
rding to lemmas 1 and 2 ¢O(x)e(pp for each p and
m R
efore also ¢ (x) ¢ K{Mpls = @@p The sequence ¢ -9,

younded in each norm and oonverges polntwise to zero,
12 3 states that !lyn—yonp——ﬂo for each p which means that

-, in the topology of K { Mp} .

yrem 2,4
space K{ Mp} with the condition P is perfect.

f

shall show that each bounded set is compact. In view of lemma
- is sufficient to prove that an arbitrary bounded sequence
-ains a subsequence that is pointwise convergent.

the sequence ¢ = Dbe bounded in each norm | "p; then ng)(x)
mniformly bounded on account of the inequality




-1l

¢ sup M_(x)
Qg PsX

over, from the mean value theorem we find

!?n(xl)—'fn(xn>! =§?%(§> . Xa"xni‘ich!“xn s

i
‘hat Yn is equicontinuous.
theorem of Arzela-Ascoli ylelds that a)n contains a

i

sequence that is pointwise convergent.

An important particular case of the space K! Mp} is
1ined by taking '
) M(x) = (1°)P

s space is called S and contains these infinitely

‘erentiable functions @(x) for which all expressions

) «4 7,a(p)(x)

bounded. This means that y(x) and each derivative vanishes
nfinity faster than any power of x. This space satisfies the
lition N which means that it is a perfect space. Obviously we
: So K. It is easy to show that K is a subspace of S which 1is
se in 8. In fact, let h(x) be some infinitely differentiable

.tion which equals 1 for |x| £ 41 and zero for |[x| £ O.
ing
m, = max ‘h(q)(x)l ,
| q=p

1ave for n=1,2,3,...

p
1 for any element y(x) of S a sequence of finite testing
>tions ?n(x) = y(x)h(%) can be constructed which converges

y(x) in the ordinary sense. According to lemma 4 there

1ins to prove the boundedness of the norms, In fact
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Of course the same property holds for any K% Mp% space

e the Mp—functions are everywhere finite,

istributions on K { Mp}_

We consider distributions with respect to a perfect

e K{ Mpf satisfying the condition P of the preceding
ion.,

Q) denotes the completion of § =K iM } with respect to
p- th norm then for any distribution f on ¢ there exists
ndex p such that it 1s continuous with respect to q3p.
-now that then f is continuous on all completions with a
ser index, The least possible index p is called the order
;he distribution, The space Q) Is. an isometric subspace
‘he space '25 of all functions ¢ (x ) “For which the
‘essions M |? are continuous and bounded on the
.ne, The latter space may be considered as a closed subspace
;he direct sum Nfof p+1 spaces of functions which are
sgrable with the fixed weight-function Mp(x). According to
theorem of Hahn and Banach the functional f on QPp may be
;nded to ﬁfwith preservation of its norm. The general form

v continuous linear functional on?@’is of the form

2 [ P () de (),

e the & (x) are measures concentrated at those points where

Mp(x) are finite., The norm of f equals z:'Var eq(x)
q

rem 3, 71
continuous linear functional f on K{Mp} which satisfies the

jition P is of the form




~-16 -

1) (£,9) = 0. [ M (x) ¢l (x) ae (x),

’ qfp

e the gq(x) are measures, Further

~1

2) gf Hp = Leo Var gq(x).

o

Specialization of this result for the space K(a)
lds the representation (1.5) which is easlly obtained
n (3.1) by partial integration,

In a similar way any continuous linear functional

3 may be represented Dby

;) (£.9) = [ £.0) #P)(x)ax

re

£ (x) = o(lx|") for |x[-—®.

This may be interpreted also on the following way. Any
tribution of S' is the derivative of some order of a
tinuous function with a finite algebraical growth at
inity.

If £ is a distribution of S' with a bounded support,

within (-a,a), the representation (3.3) holds with a
ite function fo(x) vanishing for |x, > at& where & 1s an
itrarily small positive number. This result may be easlly
ived in the following way. Let us take an arbitrary infinite
ferentiable function h(x) which equals 1 for {x]% a and
ch vanishes outside |x|2 a+¢f . Then obviously (f,y)=(f,g>h)
that the desired representation can be obtained from (3.3)
replacing @ by ?sh followed by a simple reduction.

In the following we shall use mostly the testing spaces
), K and S. We note that S 5 K so that S' contains less
tributions than K', E.g. the function exp | x| 1s a regular

ctional of K' but it does not belong to S.
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teneralizations

In this section we shall consider testing spaces of
ylex functions with complex distributions § and testing
ves with functions of several variables.

The natural element of a complex testing space ?V'is
y>lomorphic analytic function 'y(z) which satisfies some

lition at infinity.

ple

space Z(a) consisting of all holomorphic functions y%z)

sh satisfy the following inequalities

y(z) |

-his space the topology is given by the following sequence

£

1) | z Ck(yd exp aly|l , z=x+iy.

10rms

) Jylp = s |2yl | B o0z,
3 similar way as for K(a) it can be shown that with these
ns Z(a) is a perfect complete s.n.s. Also we may consider
space 2= Z(a) and more generally Z {Mp} for which all
~essions & sup M (z)l'y(z)l are finite.
4 P

The complex distributions with respect to some complex
ting space yy are defined as the continuous linear functiona
4

A distribution (g,yd is said to be of regular type if it 1

the form
00
3) (83Y) = —-o’o/ g(X) \/’(X)dX,

re g(x) 1is a complex-valued locally integrable function on
real axis. In this case the function g(x) and the functiona
ay be identified.

istribution is said to be of the analytic type 1if more

erally

) (e, = g (7Y ylz)az
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some contour C in the complex z-plane,
_stribution which is neither regular nor analytic is

led singular .

ple
ining the complex delta-function dJ(z-c) by the functional
)——yy(c) a distribution is obtained which is not regular
which is analytic since

5) We) = § o YUElas,

2l =z -c¢c

re C is a closed circular contour around c,
We note that here the linear operations on distributions

given by
5) (gzﬁ-ggz)b) = (g/]:')(/) T (gga)&>
7 (x goy) = & (8:9).

2(z) is a holomorphic function such that y«syyimplies
€y then the product of c(z) with a distribution g(z) is

ined as
3) (C g,‘f/) = (gﬁg\k)

As a second generalization we shall consider distributions
n variables. In order not to complicate matters we shall
sider real-valued distributions on real testing functions of
eal variables xq,xg,...,xn. Then the following simplifying

ations due to L.Schwartz may be used.
x denotes the vector (Xq,Xg,...,Xn)

g denotes the set of integers (qq,qg,...,qn)

def
|q| - q/] +q2 + e 0o o +qn .
52 def 2!
a, a,
BX,l . X
Lk def 14 an
n
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space K(a) is defined by the set of all infinitely

"erentiable testing functions 'y(x) vanishing outside

block -a, < X; < ay (i=1,2,...,n). The norms are glven
9) ” 5‘9"p = Supx qu ?(X)‘ (pzo)/l;gp«..)
' lal£p

space S is defined by the set of all infinitely differential
ting functions 7V(x) vanishing at infinity with all

ivatives faster than any power of ﬂ/lxl.’The norms are given

k

10) ol = =m0 0| (012,000,

|kl ,jalsp

The n-dimensional distributions can be treated in almost
same way as the one-dimensional ones. The distributions

<{ Mps are of the following form

11) (£,9) = ) [ Mo(x) DY g(x) £q(x)ax

[al% p

-h is only a slight formal generalization of (3.2).

Fourier transforms in S

We consider the complex testing space S consisting of all
plex-valued infinitely differentiable testing functions y(x

a single real variable with the property that
1) x5 y(q)(x)——eo as |xXJ—o0

all k,qg = 0,1,2,,.
imple argument shows that the Fouriler transform.'%{s) of

) as defined by
2) F(p)= ylo)= p(x) dif/ et ¥ p(x)ax

o belongs to S.
s means that Fourier transformation is a 1-71 mapping of S

o itself. The inverse transformation is given by

3) 7 lp)e pl) 0 S [T PO pleras
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1ention the well—knowh rules
d

» = Flg) = F(1 x¢),
5) F(2 p) = -16 F(p).

The operator F is continuous on S, This important fact

lows easily from the following estimate, We have
. \K d \k . 1 x6
(-10) () =/ (L { (1) p(x)] &' *Cax =
k .
= ) Cj i?/.xq—J yﬁpuj)(x)ei:xsdx,

<

e the Cj are certain positive constants, Hence for k+q o)

k _(a) & [x8-9%2 S| |«
k 1
- ;io Cj “?“p+2 so that

Iyl = ¢y 190540

same argument shows the continuity of the inverse operator
. However, this would also follow from Banach's theorem on

inverse operator (cf, TF theorem 8.2), Hence we have proved

orem 5,1
. -1 . .
Fourier operator F and F are continuous linear operators

S mapping S onto itself.

The Fourier transform F(f) or g(e) of a distribution

e 8' is defined by the Parseval relation

) (F(£), Flg)) = 27 (£,¢).

consistency of this definition with the ordinary definition

the Fourier transform of an absolutely integrable function

N

be shown as follows,
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f’,yz)=/ £(x)g(x)dx= g%fa;){[y/(&)e_ixmde} ax =

-é%f(s){ff(x) exp 1x6 dx}ds =£—7;fg(g)¥/(6)d6 =

From the definition (5.6) it follows easily that the
es (5.4) and (5.5) alsoc hold for distributions.

7) 2 p(r) = R(1xf), F(2) = -16 ().
mple
3) P(&(x))=" P(a)=(-1 19" 5(e).

Let f(x) be a regular distribution which is aequivalent
a locally integrable function of finite algebraical order
infinity, 1.e.
9) |£(x) ] <c(+]x])P

some constants C and p, then denoting the truncated
ction at (-a,a) by fa(x), i.e.
der { £(x) for |[x| % a,

0 for |X|> &,

10) fa(x)

obviously have

11) fa(x)~—+f(x) for a—> +

the topology of S'., From the continuity of the Fourier

rator it now follows that

a .
12) F(f) = 1im [ et FTr(x)ax.
a——00 =a

orem 5,2
f(x) is a distribution with a bounded support then
13) F(f) = (f, exp 16x),

re exp 16 stands for any testing function which equals

y 16 in an open interval which contains the support of f.
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>f

~ is a finite regular distribution the relation (5.13)
js of course. Otherwise f is the derivative of some
inary function vanishing outside an open covering of

support of f and we may apply (5.7).

Translation and convolutions in S

The translation operator Th in the one-dimensional

ting space S defined by
1) T, ¢(x) = p(x+h)

a continuous operator, In fact, we have for k,q £ p

W~

sSup lxk y(q)(x+h)’= sup!(x—h)k y(q>(x)‘

k .
. 5 27 gl £ ()P el

continuity of Th can be shown to be even uniform in each
nded interval of the parameter h. This means that if A is
ounded set of S also the union of all ThA, |h| < ho is

nded.
The translation operator Th is also continuous with

pect to the parameter h. This means that for h—eho for

h ¢ € S we have Thy—_—yTho¢ in the topology of S. The

of is straightforward.

‘ever, we may also use the following more general arguments.

, hn be a sequence converging €O ho then the sequence

:+hn) is bounded in S. Since S is perfect the sequence forms
sequentially) compact set which has a limit. But since the
jological 1limit implies the ordinary pointwise limit there

a unique limit which must be y(x+ho),
Let ¢ be a testing function; then for any distribution

;he expression

£(5), ¢(x+f))

a continuous function of x., It may happen that this function

itself a testing function.
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nition
distribution fo is said to be a convolutor 1if
) £k (£ (), 9(x+)) =y¥(x) e s

each testing function ¢ and if 7n~—90 implies

yn——eo in the topology of S.
The Dirac-function d(x-a) is a simple example of a

olutor of S since
J(x-a) x P(x) = plx+a).
The convolution of a distribution f(x) with a convolutor
) is defined by
) (foxf,9) = (£,£ % ¢).
and f are ordinary functions which are integrable in

,0) we have

(£, % t,9)= [ f(x)ax [ £ (H)plxr§)ag = £(x)ax [ £l -x)pln)dr=
=/§0(nz)doz/f(x)fo(72 -x)dx,

hat

) fo(x) % f(x) = [ £(5)f (x-§)af

)

h shows that the definition (6.3) is consistent with the

1 definition of the convolution of functions.

iple
) J(x)x £f(x) = f(x)
) J'(x)x £(x) = £'(x)

It follows from the definition of the convolutor that the

ator £ x 1s continuous (in weak sense),
yrem 6.1
‘O(x) is a convalutor then the same is true for fé(x) and

’ _g_ —_ | B — 1
) T (fo*f)—fo*f—foaef
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o

(6,2) it follows at once that fé(x) is a convolutor, In

of the continuity of the operator fo* we have

d ) = ¢
c_i'}_f(foxl/)) =fo* xx

the relation (6.7) follows easily from the definition
).

~em 6,2

; functional of S' with a bounded support is a convolutor
1

w "-'J

every functional of S' i1s the derivative of some order

1 ordinary function 1t is sufficient in view of the

=ding theorem to prove the statement for a finite functilon
a function which vanishes outside a certain interval. But

we have

a
Pxg = (£(5),p(x+5))= [ £(§)plx+5)af
-a
the theorem follows easily.

rem 6.3

2 sequence of distributions fn with a uniformly bounded

ort converging to the limit f we have

~

fn* g—>f % g,
e g is an arbitrary functional,

f

only difficult point in the proof of this theorem is to
that for any testing function ?(x) fnf—af implies
—f % ¢ . Without loss of generality we may assume that

The set fn is clearly weakly bounded. According to TF
rem 7.4 this implies boundedness in the strong sense., Then
ying TF theorem 7.3 we see that there exists an index p

that all f belong to the same normed completion (Dé of 8.
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rding to the results of section 3 there exists a uniform

esentation
) (£0p) = [ Fo(x) ¢ P (0)ax

e the Fn(x) are bounded measurable functions vanishing

ide some interval, say Fn(XJ =0 for |X|> a. Since the norms
| , with respect to ¢ are uniformly bounded sup iFn(x)|
inite ’ *,1

ave further that

n*(la 4 n% k/) (3+X)§ ’

n

| 0521 _j P 5| ¢l of

1A

2 sup |7y (0)] evg 126 |

|t %¢ll, %C, . Further

(fnx ¢)(p)(x) = (f (%), f(p)(f+x))——90 for each x.

e by applying lemma 4 of section 2 it follows that
i@l ,—0 for each m,
m

n

llary
. distribution may be obtained as the limit of a sequence

;esting functions.
i
'ting from any sequence of testing functions fn(x) with

yort in (-a,a) converging to §(x) we observe that

ro(x) * g(x)— I(x) » a(x) = gx).

1ay take e.g.

n exp - n tggx

fn(x) = /= 5 for |x|< 3® ,
cos“x
f (x) =0 for x| 3%
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ouriler transforms and convolutions in S

For ordinary functions f(x) and g(x) of L(-co,®) the
olution fx g also belongs to the same class and

) F(fxg) = F(f).F(g).

411 be shown that a similar result also holds for

ributions.

rem 7.,
' is a regular distribution which is a multiplicator in

en F(f) is a convolutor.

f

. a slight change in the notation we write g(s)=F(f(x)),
=F(¢(x)) and we assume that g(e) 1s a multiplicator of
hen we show that f(x) is a convolutor., In fact

y(e)) =

-1iex

fxgp = (£(5), p(5+))= 25 (8(e),e

[ T e ple)ae = FUE P € s,

if ¢ —0 then Y}fﬁiyn)——eo and also g y ——0 so that
g Y%J = fxg, —0.

yrem 7,2
:=F(f) is a multiplicator of S then

) F(f x fq) = F(f). F(fq)
f
tnow already that f is a convolutor. Then

(F(£w£,), ¥)= g (D% T ,¢)= 25 (£, Txp) =

(F(£,),F(£).F(e))=(F(£).F(F£), ¥ ).
rem 7.3

~ is a distribution with a bounded support in S then F(f)

3 multiplicator.
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f
. theorem 5,2 stating that

F(f) = (f, exp 1 6x)

'0ollows that F(f) is infinitely differentiable and that

is of finite algebraical growth at infinity.

‘ourier transforms in other spaces

We consider a testing space (D which is contained in S.
)le examples of ¢ are K(a) and K. The set of all Fourier
i.sforms of the elements of yé(b will be denoted by _
1(¢))=\P: and its elements by ¥;=F(f)=\P. Obviously‘%f is
;arly isomorphic with ¢). The topology of ¥f is defined as
ows. The sequence \yn(6)=F(¢n(x)) converges to zero if
:)—0 in @. °
Fourier operator is a continuous linear operator F(¢-—+qj)
1 continuous inverse,
relations (5.4) and (5.5) hold also in the general case.
The Fourier transform of a distribution is defined as 1in
;ion 5, We shall now consider the particular space K(a) is
> detail. Since we have

a

1) Vis) = [ e * % glx)ax,

-a

testing functions of the transformed space F(K(a)) which
ralled Z(a) are holomorphic functions of the complex variabl
+i7 1in the entire s-plane. Since each derivative of ¢(x)
iniformly bounded a simple calculation shows that

>) k

~efore the topology of Z(a) is that of a s.n.s. with the

I~

Is YKS)! C, exp a|z] .

lowing set of norms

3) (g =kS‘ipp ‘ s¥ ¢(6+ir)| cal7l
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e K(a) is complete and perfect the same holds for Z(a).
The general representation of a distribution of z'(a)
easily be obtained from that of K'(a). From the definit
y) 1t follows that

(%;YL)= /. f(x) ?‘m)(x)dx

stitution of

(]p(m)(x) — -79 (-is)m\k(a‘)e-i X& as
-00

:8
00
b (g.y) = [ cle)yle)ds

ce

ale) = (-16)" /a e 1% £(xY)ax

-a

chat G(¢) is a holomorphic function of the order £ 1 anc
lype £ 4 which on the real axis has a finite algebraica.

:r of growth at infinity.

Jeneralizations

In this section a number of generalizations will be
Lcated briefly.
snsion of the Fourier transformation to n-dimensional

res does not give rise to difficulties., For the S-space

1 varlables XgsXpseaes X, WE define
i(x,s
1) v=rlp) = %) plx)ax
ce
def
p) =
2) (x,6) Xq 64 % Xy 6 T Lt X 6y

inversion of (9.1) is

3) = F ) = —5 [ e peras .
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extension of the rules (5.4) and (5.5) to partial
‘erentiation is obvious. The continuity of the Fouriler

‘ator can be proved as in section 5.
ote that the definition of the Fouriler transform of a

;ribution becomes
) (F(£),F(p)) = (2m)"(£,9).

Fourier transformation of the n-dimensional space K(a)
ss rise to the space Z(a) of holomorphic functions f/ of

mplex variables satisfying

k

[p () [ = 0¥ exo {oy [y] ap [Tol e may (70l
~ansformation of K, the union of all K(a) gives Z, the union
111 Z(a).
1out proof we mention the following important result,
>rem 9. 1
equation
5) P(z,],zg,...,zn) £ =1 )

~e P is a polynomial has a solution f in Z'.

of

Gel'fand and Shilov II ch.II § 3.3.

We now consider the translation in an arbitrary testing
ce (p . For simplicitly we take the case of a single real
iable x. It will be assumed that for all real h the

nslation operator Th is determined with

5) Ty, p(x) = y(x+h),
ther it will be assumed that the operator Th is uniformly
nded in any bounded interval lhlé ho. This implies that

each fixed h the operator Th is continuous., Further as
section 6 it can be shown that if ¢ is perfect or a union
perfect spaces the operator Th is continuous with respect
h. As a particular case we note that in Z(a) the translation
sts and has the above-mentioned properties.

Ir ¢ is a space with a uniformly bounded translation as

lained above the definities of a convolutor can be given
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;he usual way.
results of section 7 can easily be extended to pel

1es 4) of the above kind but where the translation
only continuous but also differentiable, 1.e. tha“

1 testing function

7) ¢(X+h%—¢(Xl' >P‘(x) as h—s0

che topology of ¢ .
details the reader 1s referred to Gel'fand and Sh

>h, 111 § 3.




